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Abstract 
Critical state line and state parameter have been proved to be an effective method to evaluate and predict the drained and 
undrained behaviors of sand. However, the existences of fines significantly affect the critical state and state parameter. To 
overcome this problem, the concept of critical sate line CSL, and state parameter \ have been investigated with various fines 
contents in angular sand by processing some previous studies.  Results indicated that there is a unique line CSL obtained with a 
specific fines content for various confining pressures and different initial global void ratios. An increasing in fines content 
increases the slope of CSL. The critical state line firstly moved down to a limited fines content of 50%, and then, it became to 
move up. For state parameter, the state parameter generally increased with an increase in fines content. In addition, the 
normalized shear stress significantly decreases with an increasing the state parameter. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of CUTE 2016. 
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1. Introduction 
Natural sand commonly consists of fines (grain size less than 0.075 mm) and sand particles with different 
proportions. The existence of fines significantly affects and plays a major role on liquefaction behavior as well as on 
the engineering properties of sands [1]. In addition, the plasticity of fines also leads to many complicated phenomena 
under undrained behavior, stress-strain relation, compressional behavior, and liquefaction resistance [2]. Literature 
reviews indicated that the liquefaction resistance either increased with increasing fines content in the mixture [3] or 
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decreased with increasing fine content [4]. Other studies have found that the resistance of sand to liquefaction 
initially decreased as the silt content increased until some minimum resistance was reached and then increased as the 
silt content continued to increase. Generally speaking, the existence of fines significantly affected the engineering 
properties as well as the behavior of a sand. The reasons can be summarized, such as grain size distribution, the 
arrangement of fines in a mixture, the binary packing model, the plasticity index of fines, relative density, and the 
shear stress condition.  
In fact, the engineering properties of a sand do not only depend on the existence of fines. Besides, void ratio and 
stress level are also key parameters which significantly affect the engineering properties of a sand-fines mixture. It is 
questionable whether to answer the effects of three factors, including fines content, void ratio, and stress level on the 
behavior and engineering properties of a sand-fines mixture. To solve this matter, critical state soil mechanics can be 
considered a compatible theory to understand the behavior as well engineering properties of a sand-fines mixture. 
Some studies [5, 6] have used the critical state, state parameter to find this unique correlation to understand the shear 
strength and engineering properties of a soil.  
In this study, two published experimental works, including Hsiao and Phan [7] and Hsiao et al.[8], were collected 
and calculated to evaluate the critical state and state parameter. The effects of fines on critical state and state are 
discussed. The results were expected to contribute a better understanding for the using of critical state and state 
parameter with respect to shear strength, behavior, and engineering properties of the sand-fines mixtures.  
Introduction  
2. Definitions of critical state and steady state 
Recent studies have shown that a given cohesion less soil has various fabrics at the same void ratio or relative 
density. The behavior of the sand depends not only on density but also on the stress level applied to the specimen. 
This is an important concept because it answers the question of how to characterize a sand. However, to determine 
the state parameter, it must be measured based on a reference condition. Thus, the reference condition should have a 
unique structure which is not affected by the original test conditions. Been and Jefferies [5] indicated that the critical 
state line is a unique structure. This measure of state is called state parameter and the definition is illustrated in Fig. 
Thus, the state parameter < is determined by the void ratio (e) and effective stress level (p') of a sand relative to a 
critical state line. When the state of a sand is above the critical state line (CSL), corresponding to a positive <, the 
sand has a tendency to contract upon shearing, whereas state point is located below the CSL, corresponding to a 
negative <, the tendency of sand is to dilate during shearing.  
 
CSL
Effective mean normal stress (log scale)
V
oi
d 
ra
tio
e0
ecs
Typical state point
1
Ocs
 
Fig. 1.  Definition of state parameter  
The effective mean normal stress  p' and the state parameter presented in Fig. 1 are determined as follows: 
< = e0 - ecs 
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where 1V c and 3V c are the effective major and minor stresses, respectively; e0 and ecs are the initial and critical 
void ratios, respectively. 
It is noted that critical void ratio of sands, which was firstly discussed by Casagrande [9], is one of the parameters 
which attracted many researchers. Then, Roscoe and Schofield [10] significantly contributed a development of 
critical state soil mechanics. These two researchers can be a milestone to finalize the definition of critical state line. 
To follow this critical state theory, a large number of researchers mainly focused on the behavior of remolded clays. 
The sands were less paid attention due to not being defined a critical state. Subsequently, the steady state of sand is 
defined by Poulos [11]. The steady state of deformation for any mass of particles is that state in which the mass is 
continuously deforming at constant volume, constant normal effective stress, constant velocity. The steady state is 
obtained only after all particles have reached a statistically steady state condition and if all particles are completely 
broken, so that the shear stress needed to continue deformation and the velocity of deformation remains constant. A 
question is given as to whether the critical state and steady state lines are in real the same [11, 12].  Been at al. [12] 
indicated that the critical and steady states are found to be equal and independent of stress path, sample preparation, 
and initial density. Therefore, the term of critical state prefers to use in hereafter 
3. Test results and discussions 
3.1.  Consolidated undrained (CU triaxial tests) 
Each category of the specimen was sheared with three levels of confining pressure, including 50, 100, and 200 
kPa. A typical result of  consolidated undrainded and consolidated drained triaxial tests is plotted in Fig. 2 with a 
confining pressure of 100 kPa. It is noted that the results of confining pressures of 50 and 200 kPa have the same 
tendency to that of 100 kPa, they are thus not presented herein.  
For the CU triaxial test, the critical state of specimens can be reached at the axial strain in excess of 12%. With 
this axial strain, both deviator stress and excess pore water pressure become to be constant. According to the finding 
made by Been et al. [12], the critical state line can be obtained.  
 
  
(a) e = 0.582, V'3 = 100 kPa  (b) Vd = 290 kPa, V'3 = 100 kPa)  
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Fig. 2.  Stress-strain relationship of sand-fines mixture (after Hsiao et al. [8]) 
(a) e = 0.582, V'3 = 100 kPa , (b) Vd = 290 kPa, V'3 = 100 kPa), (c) Dr = 30%, V'3 = 100 kPa 
3.2.  Critical state lines 
Based on the data obtained from Fig. 2, both effective mean principal stress (p') and shear stress (q') can be 
calculated. Besides, the critical void ratios (ecs) of drained and undrained tests are also recorded. 
 
Fig. 3.  Critical void ratio of undrained shear test 
Fig. 3 plots the starting stress conditions and conditions during flow of all three types of initial condition for 
typical fines content of 30%. The vertical scale is void ratio after consolidation and the horizontal scale is effective 
mean principal stress (p'=(V'1+V'2+V'3)/3). It is also noted that the initial confining pressures applied in this test are 
50, 100, and 200 kPa; and thus the initial effective mean principal stresses are 50, 100, and 200 kPa, respectively. 
The data presented in Fig. 3 were collected from Type 1, Type 2 and Type 3 in the undrained condition test. The 
blank circles indicate the starting stress conditions. The plotted arrows point to the left are effective normal stress 
after finishing the state of flow. The horizontal distance from the starting point to the effective stress in critical state 
point is the reduction in the effective stress.  
In addition, Fig. 3 shows that no matter to what the minor mean effective mean principal stress was applied to 
consolidate a specimen, the condition during failure all finished up a fairly accurately defined line in which it was 
called critical state line. Again, the critical state line can be expressed in elnp' and p'q' planes , as given in Eqs. (3-
4), respectively. 
c 
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pe c* lnO           (3)  
'' Mpq             (4) 
where * is defined as the value of e corresponding to p' = 1.0 kN.m-2 on the critical state line; O is the slope of the 
critical state; M is a frictional constant.  
Fig. 4 plots the CSL of a sand containing 30% fines. In this figure, the CSLs obtained from the undrained and 
drained triaxial tests and represented by Eq. (3) with the coefficient of determination, R2, greater or equal to 0.978. 
A unique line obtained from both drained and undrained tests is in good agreement with the finding made by Been et 
al. [12], and there is thus no distinction between critical state line and steady state line in this study. For the 
undrained shear test, to obtain the critical state (CS) points, axial strains are usually observed at 12% in where both 
the shear stress and PWP are almost to be constant with an increase in the axial strain.  
 
Fig. 4.  Critical state line 
 
Fig. 5. Critical state line in p'q' plane 
304   Vu To-Anh Phan et al. /  Procedia Engineering  142 ( 2016 )  299 – 306 
 
Fig. 6. Critical state lines in elnp' plane for various fines contents 
By using Eq. (4), Fig. 5 exhibits the CSL in p'q' plane with 30% fines content in sand. The circle points were 
collected from the drained shear tests and rhombus points represented for the undrained shear tests. It is easy to 
recognize that all plotted points nearly concentrate on a line and they are called to be CSLs in p'q' plane. This 
results are also well-fitted with the principle theory of the critical state line which was firstly presented in Critical 
State Soil Mechanics by Schofield and Wroth [13]. In general, the M parameter yields values not to be very different 
with various fines contents and values range from 1.29 to 1.64.  
To understand the effects of low plastic fines contents on the critical state lines, Fig. 6 plots the CSLs for 
different fines contents together in elnp' plane. Fig. 6 indicates that CSL moves downward in elnp' plane until the 
fines content increases to approximately 50%. Beyond this fines content, CSL moves upward, and the critical state 
line containing 60% fines locates at a higher locus with that of 50% fines. The obtained CSLs from this study are 
somewhat different with past publications [14-16]. For example, Zlatovic and Ishihara [14] revealed that CSLs 
move downward in elnp' plane until the silt content increases to approximately 30%, the CSLs then move upward. 
A greater fines content causes a steeper slope gradient. This phenomenon is probably attributed to the possible 
behavior of fines when being tested until a critical condition. However, for the slope gradient of M, it first decreases 
until fines content reaches to 50%, and then, it becomes to increase with further increases in fines contents. Due to 
M value related to the static liquefaction, the tendency of this result is similar to the result being tested by cyclic 
triaxial test and is presented in aforementioned discussion. The tendency of slope in this study is similar to the 
finding of Thevenayagam [17] who performed some triaxial tests with the silt contents in a range of 0-100%. 
However, the obtained results are not in good agreement with Bouckovala et al. [18] who conducted some 
specimens on the same initial condition (p0, e0) but with different fines contents and indicated that an increasing 
slope of CSLs is found. 
3.3 State parameter 
Eq. (2) is used to calculate the state parameter for various fines contents and Fig. 7 plots the normalized 
undrained shear resistance with the state parameters. It is necessary to normalize the behavioral response with 
respect to stress because the state parameter is defined in the plane of constant mean normal stress. The correlation 
between normalized undrained behavioral stress and the state parameter is found to be good. Increasing state 
parameter yields a decrease in normalized undrained shear stress. This tendency is in good agreement with the 
finding of Been and Jefferies [5] and Quadimi and Mohammadi  [6]. 
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Fig. 7. Various state parameters with silt contents 
Fig. 8 shows the relationship between the state parameter and fines contents. In general, an increasing tendency 
of state parameter is found with an increase in fines content in a range of 060%, except for some date obtained with 
60% fines content. This behavior is probably due to the highly compressible behavior of fines particles with their 
existence in the sand-fines mixtures.  
 
Fig. 8. Various state parameters with silt contents 
4. Conclusions 
Based on the above mentioned analysis, some conclusions can summarize about the critical state and the state 
parameter of sand-fines mixtures as follows: 
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x All specimens were found to be a contractive tendency during the undrained shear test. The more fines 
content apparently increased the slope of the critical state line in the e-lnp' plane. The phenomenon obtained from 
this study can be explained by such manner as an increasing fines content gradually causes a high compressibility of 
sand-silt mixture. The specimens were mainly produced as loose condition, the movement of silt particle has 
probably become much easier with mixture containing higher fines content.  
x Critical state line of clean sand shows the upper position compared to the other sand-silt mixtures. The 
mixture contained 50% silt has the lowest location in this plane and thus it can be considered as the transition fines 
content for discussion of CSL.  
x An increasing the state parameter caused a decrease in normalized peak undrained shear stress. Likewise, a 
greater the silt content had larger a state parameter.  
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